SUPPLEMENTARY NOTE 1: The effect of relaxation on bandwidth
The maximum sideband energy for an electron-hole pair that is created at t -τ and recombines at t is given by
which is maximized for = 3 2 , = and minimized for = 2 , = . Thus, in order to obtain the maximum modulation the electron-hole pairs must travel for a full half cycle, which, for the 1 THz driving field described in the main text, is 500 fs. For relaxation times greater than half the period of the THz driving field the electron-hole pair can travel for the necessary length of time for the maximum modulation to occur and, hence, one should observe the full sideband plateau. For relaxation times less than half the time period then electron-hole pairs will relax before they can travel for the necessary length of time to achieve maximum modulation and, hence, the plateau should be absent. One should also observe an increase in the sideband amplitude relative to the NIR excitation field for increasing relaxation time.
Supplementary Fig. 1 shows the effect of the relaxation time on the sideband spectrum of BLG driven by a 2.5 kVcm -1 strength field with frequency of 1 THz. The dashed line shows the half cycle time of 500 fs. Above this line, when the relaxation time is longer than the half-cycle time one sees a prominent plateau. Below the line, when the relaxation time is shorter than the half-cycle time, the plateau strength reduces and for very short relaxation times vanishes completely. Note that by increasing the frequency of the THz field one would reduce the half-cycle time and hence reduces the minimum relaxation required to observe a plateau. However, as the linear ponderomotive energy is inversely proportional to the THz field frequency this would lead to a smaller plateau and subsequently a smaller bandwidth modulation.
SUPPLEMENTARY NOTE 2: The band structure of bi-layer graphene
The low energy band structure of bi-layer graphene (BLG) can be derived via a tight-binding method with nearest neighbour hopping [1, 2] . This results in two Hamiltonians, one each for the + and − valleys
is the Fermi velocity [3, 4] (from numerical parameters given in [5] ), = 0.202 is the interlayer hopping [6] (Note that has been rescaled by a factor of 1/2 compared with the value in [6] ) and V is the bias energy applied to each layer (which, in the main text, is taken to be 0.2 eV, achievable with a bias field of ≈3 Vnm -1 [7] ). Diagonalization leads to four spin and valley degenerate eigenbands centred about the Fermi energy
In the absence of the bias field, the band structure consists of four hyperbolic bands with a gapless transition at the two Dirac points. 
SUPPLEMENTARY NOTE 3: Relaxation rates in bi-layer graphene
The relaxation rate of carriers in bi-layer graphene can be modeled using a Fermi's Golden rule approach [8] . The total relaxation rate has two main contributions, namely, carrier-carrier scattering and carrier-phonon scattering. Relaxation of carriers via electron-hole recombination occurs on time scales that are many orders of magnitude greater than the scattering time [9] and hence the contribution of this process to the relaxation rate is negligible.
Carrier-carrier scattering rate:
Carrier-carrier scattering occurs owing to the coulomb interaction between the charged carriers. The interaction Hamiltonian for the process reads
is the 2D coulomb potential in momentum space with matrix elements reading [3, 8, 10 ]
where the trigonometric factors appear owing to the chirality of the carriers. In the following we will assume that the excited carrier density is low and, as such, the occupation of each momentum state is small. Hence Pauli blocking is negligible. Thus, the scattering rate for a given occupied momentum state k reads
with being the 2D carrier density and the -function enforcing energy conservation. Here,
is the probability that momentum state ′ is occupied. This factor can be found from the wavefunction, which is given by integrating solutions to the Schrödinger equation however, is largely suppressed in the biased BLG by the finite energy gap (see detailed discussion below). One should also note that at very high carrier concentrations Pauli blocking and Coulomb screening effects will cause the scattering rate to flatten off, hence the carrier lifetime will be longer than predicted from the inverse proportionality given here.
Current HSG experiments use NIR field intensities of 3.2 × 10 −4 mWµm -2 [11] (indicated by the vertical line in Supplementary Fig. 2 ), which leads to a carrier lifetime of ≈7.05 ps.
Impact Ionization:
The process of impact ionization occurs when a carrier with an energy exceeding the energy of the gap scatters off a valence band electron in such a way that the valence band electron is excited to the conduction band. This process not only contributes to the scattering rate by providing an extra scattering channel but also increases the carrier concentration and hence reduces further the carrier scattering time. For bilayer graphene subject to a ≈3 Vnm -1 bias field one finds that the gap energy is ≈0.28 eV [7] . A 1.55 µm (194 THz) NIR field creates carriers of 0.8 eV. Thus, one would expect a contribution from impact ionization. The interaction Hamiltonian for the process reads
with given in Supplementary Eq. (5) and the matrix elements reading [3, 8, 10 ]
As before we will assume that the excited carrier density is low and, hence, the valence band is fully occupied. The scattering rate for a given occupied momentum state k reads
where the first prefactor is the density of valence band electrons ( 0 = 5.24 Å 2 is the area of the elementary unit cell which contains 2 electrons). The -function enforces energy conservation with g ( ′ ) denoting the energy required for an interband transition at momentum, ′ . Evaluating the above equation leads to an estimate for the impact ionization time of ≈15.50 ps, which leads to an increased carrier concentration per half-cycle of ≈3%.
This time is somewhat longer than in conventional semiconductors. This is due to the difficulty of conserving both energy and momentum when the electrons have linear dispersion. As a result the phase space for scattering is smaller and hence the scattering time is longer. In fact, Supplementary Ref. [12] predicts impact ionization times as high as 100 ps for certain temperatures and carrier concentrations. Furthermore, the presence of a gap in the BLG system we consider here will further reduce the phase space and hence one would expect an additional increase in the scattering time as compared to single-layer graphene [12, 13] . Finally, and as expected, the rate is lower than the carrier-carrier scattering rate, for the same reason that it is harder to conserve both energy and momentum in the case where energy,
, is lost to the band transition. The effect of impact ionization on the carrier-carrier scattering rate is shown in Supplementary Fig. 2 .
Carrier-phonon scattering rate:
Only optical phonons close to the Γ and K points contribute significantly to the scattering of carriers with energy in the hundreds of meV [8] . Γ and K point phonons are responsible for intra-and inter-valley phonon scattering, respectively. Scattering by optical phonons can proceed via one of the two pathways; a carrier of momentum k absorbs a phonon of momentum q, scattering into the state k + q (+ve pathway), or a carrier of momentum k emits a phonon of momentum q, scattering into the state k -q (−ve pathway). At room temperature the optical phonon density is low and hence the − ve pathway is dominant. The interaction
Hamiltonians for these two pathways read
where ±,(µ,ν) are the carrier-phonon coupling constants with µ indicating the K or Γ point phonon and indicating the longitudinal (LO) or transverse (TO) phonons. Note that flexural phonons (ZO) are strongly suppressed for graphene supported on a substrate [14] and hence their contribution to the decay rate is negligible. The matrix elements read [8] �〈 � cp
with the trigonometric factors a result of the chirality of the carriers. Once again, we will assume that the excited carrier density is low, the occupation of each momentum state is small and treat Pauli blocking as negligible. Furthermore, as the variation in phonon energy with momentum is small we will assume that the energy of the phonon and the electronphonon coupling constants are constant for all momenta, q (Debye approximation). Hence, the scattering rate for a given occupied momentum state k, reads
where We take the temperature of the phonon distribution to be 300 K (although this will not affect the final result since the optical phonon population at room temperature is far below one). The carrier-phonon rate is independent of carrier concentration and hence independent of the NIR field intensity. The above values lead to a carrier lifetime of ≈0.65ps.
Total scattering rate:
The total scattering rate is given by Supplementary Fig. 3 shows the total relaxation time as a function of the NIR field strength and includes the contribution from the extra carriers created by impact ionization. The carrier lifetime exhibits an inverse proportionality to the NIR field strength for high NIR field strengths. In this regime carriercarrier scattering is dominant. As the NIR field strength is reduced the lifetime flattens off asymptotically to the values of the carrier-phonon scattering time. In this regime the carriercarrier scattering rate is negligible compared to the carrier-phonon scattering rate and hence gives no contribution to the relaxation rate. For NIR field intensities of 3.2 × 10 −4 mW/µm 2 (comparable to current HSG experiments) the total carrier lifetime is found to be ≈0.57 ps.
SUPPLEMENTARY NOTE 4: Derivation of the cutoff law
The sideband spectrum can be found from the Fourier transform of the polarization, which is given by the expectation value of the dipole moment operator [Eq. (4) in the main text], which in turn, can be computed from the electron-hole pair wave function whose time evolution is given by Eq. (2) in the main text. The formal solution to Eq. (2) leads to a sideband spectrum
with the quasi-classical action
where Δ � � ( )� is given in Eq. (3) 
where
and 
which is maximized for = 
SUPPLEMENTARY NOTE 5: The Berry connection
One important difference between BLG and traditional semiconductors is the appearance of the Berry connection, � � ( )� = � , � ( )� � , � ( )�, where the index, i, refers to one of the four energy bands. This term is a result of the non-trivial geometry of the bands and, as the dipole moments are dependent on k, is required to maintain the gauge invariance of the optical response. For circularly a polarized THz field, where trajectories of the driven electrons perform elliptic orbits around the Dirac point, or for electrons in a magnetic field, which undergo cyclotron orbits, the geometric phase leads to a number of non-trivial effects
